Abstract. In the usual brane-world scenario matter fields are confined to the four-dimensional spacetime, called a 3-brane, embedded in a higher-dimensional space, usually referred to as the bulk spacetime. In this paper we assume that the 3-brane is a de Sitter space; there is only one extra spatial dimension, assumed to be time dependent. By using the form of the brane-world energy-momentum tensor suggested by Shiromizu et al. in the five-dimensional Einstein equations, it is shown that whenever the bulk cosmological constant Λ is negative, the extra spatial dimension rapidly shrinks during the inflation of the brane. When Λ > 0, on the other hand, the extra spatial dimension either completely follows the cosmological expansion of the brane or completely ignores it. This behavior resembles the all-or-nothing behavior of ordinary systems in an expanding universe, as recently demonstrated by R.H. Price.
Introduction
The notion that our world may contain more than three spatial dimensions can be traced to the pioneer work of Kaluza and Klein starting in 1919. The development of string and M-theory has resulted in a revival of this idea. At this stage in the evolution of the Universe the extra spatial dimensions are hidden from us four-dimensional observers. It has been conjectured that the extra dimensions had suddenly compactified to become unobservable, but the mechanisms for this dimension breaking has remained somewhat of a mystery [1] .
In this paper we confine ourselves to a single extra spatial dimension with a scale factor that is necessarily time dependent to allow the size to vary. Accordingly, our starting point is the spacetime topology M ×S 1 , where M refers to a de Sitter space and S 1 to an extra-dimensional 1-sphere. So our metric is given by
where χ is the coordinate in the fifth dimension. (Note the timedependent scale factor ρ(t).) In the usual brane-world picture matter fields are confined to the four-dimensional spacetime (or 3-brane), while gravity acts in five dimensions (the bulk). Our basic assumption is that we may apply the five-dimensional Einstein field equations
T µν using a particular form of the energy-momentum tensor: following Ref. [2] , (M, q µν ) denotes our 3-brane in a five-dimensional spacetime (V, g µν ) and (2) T µν = −Λg µν + δ(χ)(−λq µν + τ µν ).
Here Λ is the cosmological constant of the bulk spacetime, while the hypersurface χ = 0 corresponds to our 3-brane. (The delta function expresses the confinement of matter in the brane.) Also, λ and τ µν are the vacuum energy and the energy-momentum tensor, respectively, of the 3-brane.
Returning to Eq. (1), if (M, q µν ) is to be a de Sitter space, we need to let R(t) = e Ht , where H = Λ 4 /3 and Λ 4 is the cosmological constant of the 3-brane. Universes with exponential expansion are usually called inflationary.
In many applications it is assumed that Λ < 0. Our brane world would then be identical to a domain wall embedded in a five-dimensional anti-de Sitter space [3] . Since the derivations in Ref. [2] do not depend on the sign of Λ, we are justified in considering the cases Λ > 0 and Λ < 0 separately. The latter case, taken up in Section 3, may be the more important case physically, but the former, discussed in Section 2, is the more interesting one as it yields some unexpected results.
The case Λ > 0
Our first step is to calculate the nonzero components of the Einstein tensor in the orthonormal frame. These are given next:
, 
which reduces to
Let A in be the initial value of ρ(t) (at the onset of inflation), i.e., ρ(0) = A in . Then the solution is
By Eq. (2), since δ(χ) = 0 in the bulk,
Similarly, from both Eqs. (4) and (5), we get
For now, let us make the simplifying assumption that c 2 = 0. (It is reasonable to suppose that before the onset of inflation, ρ ′ (t) ≈ 0.) To get agreement between these two solutions, especially at t = T , the end of inflation, we need to let ). It remains to show that these solutions are consistent with Gχχ. Observe that this component is completely independent of ρ(t), suggesting that χ = 0 in Eq. (2) . Retaining the notation δ(χ), Eq. (2) becomes
In Eq. (12), qχχ = 0 and gχχ = 1, so that Alternatively, substituting in Eq. (9), results in
at the end of inflation (t = T ) for any c 2 . The reason is that HT ≈ 100 [4, 5] . We conclude that ρ(t), the "radius" of the extra dimension, remains fixed during inflation. So the "radius" of the extra dimension expands by the factor e Ht , the same as for any other distance in the brane. To see this, consider the proper circumference C of the circle in the "equatorial slice" θ = π/2 of the sphere r = a:
Ht a dφ = e Ht (2πa), t = constant.
So C is simply e Ht times the initial proper circumference. Similarly, the radial proper distance separating two points A and B for any fixed t is given by
Ht dr = e Ht (r B − r A ).
So ℓ(t) is just e Ht times the initial proper radial separation.
To emphasize the rescaling of the r coordinate on each t = constant slice, one could write ℓ(t) e Ht = r B − r A . In the first case, Eq. (15), the corresponding equation for a fixed ℓ 1 (t) = r B − r A can be written
that is, if ρ(t) remains fixed, then the original size has the appearance of having shrunk by a factor of e −HT relative to the expanded space at the end of inflation. There is one obvious problem: for the extra dimension to be very small, say Planck size, at the end of inflation, we must have
A in e −HT ≈ A in e −100 ≈ 10 −35 m, leading to the rather large value A in ≈ 2.7 × 10 8 m. So perhaps the extra dimension could not have "curled up into a tiny ball" [1] as the result of inflation. On the other hand, not being part of the 3-brane, such a large extra dimension cannot be ruled out entirely. Furthermore, Chodos and Detweiler (1980 [6] ) proposed the following model:
Here the size of the extra spatial dimension exceeds that of the other three for t < t 0 . In fact, at the singularity t = 0, there is only one spatial dimension whose size approaches infinity. The last possibility is actually an exception to the shrinking case: if A in is infinitely large to start with, it remains infinitely large. This outcome is more than just a curiosity: an infinite extra dimension is required in certain models [7] .
In summary, we have shown in this section that in the case of a de Sitter 3-brane world with Λ > 0 an extra spatial dimension either completely follows the cosmological expansion of the brane or completely ignores it.
This conclusion is in line with the interesting all-or-nothing behavior demonstated in Ref. [8] : a system will either completely follow the cosmological expansion of the universe or completely ignore it. ), the now identical solutions are dominated by the decaying exponential function e −Ht . In summary, for Λ < 0, ρ(t) will have shrunk significantly at t = T .
